Abstract. We exhibit a finitely generated group G and a sequence of finite index normal subgroups N n G such that for every finite generating subset S ⊆ G, the sequence of finite Cayley graphs (G/N n , S) does not coarsely embed into any L p -space for 1 p < ∞ (moreover, into any uniformly curved Banach space), and yet admits no weakly embedded expander. The reason why our examples do not coarsely embed is a new phenomenon called relative expansion, which we define in terms of Poincaré inequalities.
Introduction
A well-known obstruction for a metric space to coarsely embed into a Hilbert space is to admit a weakly embedded expander [Mat97, Gro00, Gro03] . In this paper, we address the following question:
Given a metric space which does not embed coarsely into a Hilbert space, does it necessary contain a weakly embedded expander?
As a metric space weakly containing an expander does not coarsely embed into p for all 1 p < ∞, a counterexample is given by p for any 2 < p < ∞ which does not coarsely embed into 2 [JR06] (see [Ran06, MN08] for further results of the same kind).
However, the question remained open in the context of metric spaces with bounded geometry, and in particular for graphs with bounded degree (see [Ost13, Chapter 7] ). We provide a strongly negative answer by constructing a sequence of 10-regular finite graphs that does not coarsely embed into any L p -space for any 1 p < ∞, nor into any uniformly curved Banach space, and yet does not admit any weakly embedded expander.
Before stating more precise results, we recall a few definitions. Coarse embedding. Let (X n , d n ) n∈N be a sequence of metric spaces and let (Y, d Y ) be a metric space. A sequence of maps φ n : X n → Y is a coarse embedding of (X n ) n∈N into Y if there exist two proper functions ρ, γ : [0, ∞) → [0, ∞) such that for all n ∈ N and all x, y ∈ X n , ρ(d n (x, y)) d Y φ n (x), φ n (y) γ(d n (x, y)).
Expander. Given a finite connected graph X with |X| vertices and a subset A ⊆ X, denote by ∂A the set of edges between A and X \ A. The Cheeger constant of X is defined as h(X) := min 1 |A| |X|/2 |∂A| |A| .
An expander is a sequence (X n ) n∈N of finite connected graphs with uniformly bounded degree, |X n | → ∞ as n → ∞, and h(X n ) c uniformly over n ∈ N for some constant c > 0.
Weakly embedded sequence of finite metric spaces. This notion is used by Gromov [Gro03] in his (random) construction of Gromov's monsters: finitely generated groups that do not coarsely embed into a Hilbert space.
Let (X n ) n∈N be a sequence of finite metric spaces and let Y be a metric space. A sequence of maps φ n : X n → Y is a weak embedding if there exists K > 0 such that φ n are K-Lipschitz, and for all R > 0, If (X n ) n∈N satisfies that for all R > 0, sup n,x∈X n |B(x, R)| < ∞, and |X n | → ∞ as n → ∞, then a coarse embedding of the sequence (X n ) n∈N into Y is a weak embedding. In particular, a coarsely embedded expander is a weakly embedded expander. It is an open question whether the converse holds: does the existence of a weakly embedded expander imply the existence of a coarsely embedded expander?
On the other hand, if the target space Y is such that for every R > 0 we have sup y∈Y |B(y, R)| < ∞ (for instance, if Y is the vertex set of a graph with bounded degree), then (1.1) is equivalent to the following, see [ Box space. Let G be a finitely generated residually finite group and S a finite generating subset. The box space of G, associated to S and to a nested sequence of finite index normal subgroups G = N 0 N 1 · · · with trivial intersection ∞ n=0 N n = {e}, is the sequence 1 (X n ) n∈N of Cayley graphs (X n , d n ) := (G/N n , d S n ),
where each S n is S modulo N n .
Our main theorem is the following. Recall that an L p -space is a Banach space of the form L p (Ω, ν) where (Ω, ν) is a measured space.
Theorem 1. (Theorem 7.1) There exist a finitely generated residually finite group G and a box space (Y n ) n∈N of G which does not coarsely embed into any L p -space for 1 p < ∞, neither into any uniformly curved Banach space, and yet does not admit any sequence of weakly embedded expanders.
1 Usually, the box space is defined to be a single metric space X := ∞ n=1 X n , where the distance d n,m between X n and X m , for m n, is so that d m,n → ∞ as max{n, m} → ∞. One can easily check that a coarse (respectively, weak) embedding of such an individual box metric space X provides a coarse (respectively, weak) embedding of the above sequence (X n , d n ) n∈N , and vice versa.
Let us briefly outline our first example, the precise construction and its variants being given in § 7.
The rough idea is to use the fact that Z 2 SL(2, Z) has Kazhdan's Property T relative to Z 2 , to deduce that any sequence of quotients (Q n ) n∈N , whose kernels have trivial intersection, do not coarsely embed into a Hilbert space. It is natural to start with the sequence (Z/nZ) 2 SL(2, Z/nZ), n ∈ N. However, this sequence is not satisfactory as SL(2, Z/nZ), n ∈ N, is well-known to be itself an expander. To outcome this major difficulty, our idea is to replace SL(2, Z/nZ) by an appropriately chosen finite extension of it. Namely, we choose a suitable sequence of finite extensions that coarsely embeds into a Hilbert space, as provided by [AGŠ12] . This choice also guarantees that the resulting sequence admits no weakly embedded expander. This is about the main idea. In building our example, some technicalities appear, therefore, the actual details of the construction are more involved.
Theorem 1 relies on the two main observations, of independent interest.
Expanders and group extensions.
The following proposition roughly says that there are no expanders in an extension of two groups which admit coarse embeddings into a Hilbert space.
It is an open question whether or not the coarse embeddability into a Hilbert space is preserved under taking extensions.
Proposition 2. Let (G n ) n∈N be a sequence of finitely generated groups equipped with finite generating sets S n of size k. We assume that for every n, there is an exact sequence
such that:
• the sequence (N n ) n∈N equipped with the induced metric coarsely embeds into a Hilbert space; • the sequence (Q n ) n∈N equipped with the word metric associated to the projection T n of S n coarsely embeds into a Hilbert space.
Then, given a number K > 0, an expander (X n ) n∈N , and a sequence of K-Lipschitz maps h n : X n → Y n = (G n , S n ), there exist a constant c > 0 and a sequence y n ∈ Y n such that the cardinality of h −1 n ({y n }) is at least c|X n |, and its diameter is c diam(X n ).
1.2. Relative Kazhdan's Property T and non-embeddability into 2 . Let G be a discrete countable group, and let (H, π) be an orthogonal representation of G in a Hilbert space H. A sequence (v n ) n∈N of unit vectors in H is called almost invariant, if for all g ∈ G, π(g)v n − v n → 0 as n → ∞.
Let Y ⊆ G be an infinite subset. The pair (G, Y) has relative Property T [Cor06] if for every almost invariant sequence (v n ) n∈N , the convergence is uniform on Y, that is, sup y∈Y π(y)v n − v n → 0 as n → ∞.
Equivalently [AW81, Cor06] , the pair (G, Y) has relative Property T if for every affine isometric action of G on a Hilbert space H, the orbits of Y are bounded. Every affine isometric action σ of a group G on a Hilbert space H decomposes
, where π is a norm-preserving representation, and b is a 1-cocycle. An affine action is therefore characterized by the data (H, π, b).
Somewhat opposite to relative Property T is the Haagerup Property: a discrete countable group has the Haagerup property if it admits an affine isometric action on a Hilbert space (H, π, b) such that b is a coarse embedding (such an action is called metrically proper).
The box space of a group without the Haagerup property does not coarsely embed into a Hilbert space by an observation of John Roe [Roe03] . The following proposition strengthens this statement (perhaps, it is known among experts).
Proposition 3. Let G be a finitely generated group, let S be a finite generating subset.
(i) Assume G has a an infinite subset Y such that (G, Y) has relative Property T.
Then there exists C > 0 such that for all finite quotients Q of G, every function f from Q to a Hilbert space satisfies the following "relative Poincaré" inequality: for every y ∈ Y,
whereȳ ands denote the projection of y and s in Q. (ii) If one only assumes that G does not have the Haagerup property, then there exist C > 0 and a sequence of probability measures µ n whose support W n is finite and d(e, W n ) → ∞, such that for all n ∈ N, every function f from Q to a Hilbert space satisfies:
As an immediate consequence, we deduce Corollary 1.1. Let G be a finitely generated group and let S be a finite generating subset. Assume that G does not satisfy the Haagerup property. Then for any sequence of normal finite index subgroups N n G such that ∞ n=0 N n = {e}, the box space associated to S and to (N n ) n∈N does not coarsely embed into a Hilbert space. Moreover, if G has relative Property T with respect to an infinite subset, then the box space does not coarsely embed into a Hilbert space. [Sch38] ). Using a different approach based on complex interpolation method due to V. Lafforgue, see [Pis10, §3] , we can nevertheless obtain -under a certain condition -a Poincaré inequality which is valid for all L p -spaces, for 1 p < ∞, and more generally for all uniformly curved Banach space, see §5 for the definition.
Let G be a discrete countable group and let A be a finite subset of G, denote by M A the averaging operator
for all f ∈ 2 (G), and all g ∈ G. If G is finitely generated, and S is a finite symmetric generating subset, then M S is the Markov operator associated to the simple random walk on the Cayley graph (G, S). On the other hand, if H is a subgroup, then M H is the orthogonal projection on the subspace of H-rightinvariant functions in 2 (G).
Proposition 4. Let G be a finitely generated group, let S be a finite symmetric generating subset. Assume G has a normal subgroup H such that (G, H) has relative Property T. Then, for every 1 p < ∞, there exist C > 0 and n 0 1, such that for every finite quotient Q of G, every function f from Q to an L p -space satisfies the following inequality:
where q : G Q is the canonical projection. In particular, one deduces the following relative Poincaré inequality in L p -spaces: for all h ∈ H,
whereh := q(h) ands := q(s).
Proposition 5. We keep the notation of Proposition 4. For every uniformly curved Banach space X, there exist C > 0 and n 0 1, such that for every finite quotient Q of G, every function f from Q to X satisfies the following inequality:
In particular, for all h ∈ H and f from Q to an X,
As a consequence we get the following non-embeddability result extending its well-known version for expanders. Corollary 1.2. Assume G has an infinite normal subgroup H such that (G, H) has relative Property T. Then for any sequence of normal finite index subgroups N n G such that ∞ n=0 N n = {e}, the box space associated to S and to (N n ) n∈N does not coarsely embed into any uniformly curved Banach space.
1.4. Relative expanders and Poincaré inequalities. Given a sequence of groups G n equipped with left-invariant metrics, we say that a sequence of subsets Y n ⊆ G n is bounded if there exists R > 0 such that Y n lies in the ball of radius R about the neutral element in G n .
It is convenient to introduce the following terminology. Given a sequence of Cayley graphs (Q n , S n ) n∈N with |S n | k, for some k ∈ N, and a sequence of unbounded subsets Y n ⊆ Q n , (Q n , S n ) n∈N is an expander relative to Y n if it satisfies (1.2) with a constant C > 0 independent of n. Clearly, the sequence (G n , S n ) n∈N is an expander if it is an expander relative to itself. Unboundedness of Y n ensures that relative expanders do not coarsely embed into a Hilbert space. On the other hand, it is currently unclear whether this also prevents them from coarsely embedding into L p -spaces for all 2 p < ∞. The phenomenon of relative expansion plays a crucial role 2 in [ALW01] , where it is used in order to show that certain finite semi-direct products A n H n form an expander. Indeed, in order to prove that their sequence is an expander, they need expansion to occurs both in H n , and relative to A n . Observe that this terminology is essentially group theoretic in nature. However, the expansion relative to a sequence of subgroups has a nice graph-theoretic counterpart, namely expansion relative to a partition: given a sequence of finite connected graphs (Y n ) n∈N with uniformly bounded degree, and for every n a partition P n of the vertex set of Y n into subsets such that max P∈P n |P| → ∞, say that the sequence (Y n ) n∈N is an expander relative to P n if for every map f : Y n → H,
where
, and where x ∼ y means they form an edge. In the case of a Cayley graph (G n , S n ), that is, of an expander relative to unbounded subgroups H n G n , the elements of the partition P n are simply the right-cosets of H n .
However, in the context of finite Cayley graphs (even of box spaces), we show that expansion relative to subgroups does not cover all possibilities: in §7.1, we construct a box space that does not coarsely embed into a Hilbert space and yet is not an expander relative to any sequence of subgroups. For those box spaces, it does not seem that one can obtain anything better than inequalities as (1.2). These inequalities can be interpreted as special cases of Poincaré inequalities relative to a sequence of probability measures: given a sequence of finite connected graphs (Y n ) n∈N with uniformly bounded degree, a sequence r n → ∞ and for every n a probability measure µ n supported on
For the sake of comparison, observe that an expander is an expander relative to the (renormalized) counting measure on Y n × Y n . At the other extreme, recall [Tes09, Ost09] that a metric space Y does not coarsely embed into a Hilbert space 2
In [ALW01] , they use it to show that for certain sequences of finite Cayley graphs, expansion depends on the set of generators.
if and only if there exist r n → ∞, a sequence of probability measures µ n supported on ∆ r n (Y), and a constant C < ∞, such that for every 1-Lipschitz map f : Y → H,
Here is a slight improvement of this result that holds for sequences of finite Cayley graphs.
Theorem 1.3. Let (G n , S n ) n∈N be a sequence of finite Cayley graphs with |S n | < ∞, and let 1 p < ∞. The following conditions are equivalent
(1) The sequence (G n , S n ) n∈N does not coarsely embed into L p . (2) Up to taking a subsequence, there exist r n → ∞, a sequence of probability measures µ n supported on ∆ r n (G n ), and a constant C < ∞, such that for every map f :
Moreover, µ n is a left-invariant measure on G n :
Proof. Clearly (2) implies (1), so let us prove the converse implication. By the main result of [Tes09] , up to taking a subsequence, there exist r n → ∞, a sequence of probability measures ν n supported on ∆ r n (G n ), and a constant C < ∞, such that
where Lip( f ) is the Lipschitz norm of f . We define µ n as follows:
Applying (1.5) tof immediately yields (1.4), ending the proof of the theorem.
It is natural to ask whether our box space examples satisfy more "expander like" Poincaré inequalities, i.e. where the sequence of measures µ n can be replaced by the counting measure on some unbounded sequence of subsets of the form A n × A n ⊆ Y n × Y n . This is answered negatively in the Appendix, showing that the previous result is in some sense optimal.
1.5. Applications in K-theory. The use of expanders in K-theory and operator algebra, especially, in the quest for counterexamples in higher index theory, has been prevalent up to now. Certain classes of Margulis-type expanders (= the box spaces of Property T or Property τ groups) are known to be counterexamples to (strong variants of) the Baum-Connes conjecture, although they do satisfy the coarse analogue of the Novikov conjecture and for some of them, even the maximal coarse Baum-Connes conjecture [HLS02, WY12a, WY12b, OOY09] .
In [CWY13] , the authors introduced the notion fibered coarse embedding into a Hilbert space [CWY13, Example 2.4], which is a far generalization of a coarse embedding, sufficient for the maximal coarse Baum-Connes conjecture to hold. Instead of giving a precise definition here, let us only recall that a box space of a group G admits a fibered coarse embedding if and only if G has the Haagerup property [CWW13, Fin] .
It is worthwhile to notice that by [Tu99] (see also [OOY09, Corollary 4.18]) and [MN06, Section 10.5], the maximal coarse Baum-Connes conjecture does hold for all the box spaces that are constructed in §7. It follows, in particular, that the box spaces of Theorem 7.1 and Theorem 7.3 provide interesting examples of metric spaces with bounded geometry satisfying the maximal coarse BaumConnes conjecture and yet not admitting a fibered coarse embedding into a Hilbert space. Such examples can be obtained simply by taking any box space of Z 2 SL(2, Z), but once again, the originality of our examples comes from the fact that non-{fibered coarse embeddability} of our box spaces is linked to relative expansion as opposed to expansion.
For the sake of completeness, in §7.2, we slightly modify the construction of Theorem 7.3 in order to provide an example of a box space which does admit a fibered coarse embedding (and still does not coarsely embed into a Hilbert space, and does not weakly contain any expander).
1.6. Organization. In §2, we recall some basic facts about expanders, coarse embeddings of abelian groups, and about the box space constructed in [AGŠ12] . In §4, we prove Proposition 3, and in §5, we prove Proposition 5. In §7, we prove our main result, Theorem 1. We also provide alternative constructions of box spaces which do not coarsely embed into a Hilbert space, and yet are not expanders relative to any sequence of subgroups, see Theorem 7.3. Finally, in the last section we raise some open questions.
2. Preliminaries 2.1. Expanders and Lipschitz embeddings. Expanders have been pointed out by Gromov as an obstruction for a metric space to coarsely embed into a Hilbert space [Mat97, Gro00, Gro03] . This appeared in the context of his approach to the Novikov conjecture on the homotopy invariance of higher signatures. We refer the reader to wonderful a monograph [Lub94] and a survey [HLW06] for an extensive information on expanders and their ubiquitous applications, see also [NY12] for a recent account on their use in the context of the celebrated Baum-Connes and Novikov conjectures. Let 1 p < ∞. Given a finite connected graph X, let β p (X) be the minimal β > 0 such that
for all maps f from X to an L p -space. It is easy to see (applying this inequality to the indicatrice function of a subset) that a sequence of finite connected graphs (X n ) n∈N with uniformly bounded degree, |X n | → ∞ as n → ∞, and such that sup n∈N β p (X n ) > 0 is an expander. The converse is also true: for p = 2, this is due to Alon [Alo86] , and the general case is due to Matoušek [Mat97] .
For convenience, we call an individual graph satisfying (2.1) a (p, β)-expander graph. Notation: Given a set X and a subset A ⊆ X, the complement of A in X is denoted by A c . If X is a metric space and r 0, the r-neighborhood of A is denoted by
The following known fact is a special case of [BLMN05, Lemma 5.4]. For convenience, we provide a short proof.
Lemma 2.1. Let 1 p < ∞, β > 0 and α ∈ (0, 1]. Let X be a (p, β)-expander graph of degree d, and let A be a subset of X of cardinality α|X|. Then there exist β , c > 0, only depending on p, β, α and d, such that
and for all 1-Lipschitz maps f from A (equipped with the induced metric) to an L p -space, we have
Proof. The first statement is an easy exercise using that h(X) is bounded below by a function of β. Let us show the second statement. Denote by
One easily sees that h α (X) is bounded below by some function of h(X) and α. For
. Observe that U i is decreasing and
This implies that
Now let us extend f to all of X in the following way: for every point x in A c , choose a point a x in A at minimal distance from x and let f (x) := f (a x ). Observe that if y is a neighbour of x, then the distance from a x to a y is at most d(x, A) + d(y, A) + 1. Now if x belongs to V i , then d(a x , a y ) 2i + 4. Since f is 1-Lipschitz, it follows that for all pairs of neighbours x and y such that x is in V i , one has f (x) − f (y)
, which is obviously a converging series. We now apply (2.1) to f :
we deduce the lemma with β :
An immediate consequence of (2.2) is Corollary 2.2. Under the assumptions of Lemma 2.1, there is x 0 ∈ X such that at least |A|/2 points of A are mapped at distance at most 2 β from x 0 . Moreover, if A = X, then we can take β p := βd.
2.2.
A box space of the free group that coarsely embeds into a Hilbert space. Our main result, Theorem 1, relies on a recent construction by Arzhantseva-GuentnerSpakula of a box space of the free group of rank m 2, equipped with its standard generating subset, which coarsely embed into a Hilbert space [AGŠ12] . Let us start with some notation. Let G be a group. For every n 0, define inductively the characteristic subgroup Γ n (G) of G as Γ 0 (G) := G, and Γ n+1 (G) is the subgroup of Γ n (G) generated by squares of elements of Γ n (G). Observe that for all l, k 0,
If G is the free group F m on m 2 generators, then we denote by H n := F m /Γ n (F m ) the corresponding quotient. Denote by T n = {t
m } the image of the standard generating set of F m in H n .
Our central tool is the following observation.
Lemma 2.3. Let H be a finite group of order 2 n . Then Γ n (H) = {e}. In particular, if H admits a set of generators S = {s 1 , . . . , s m }, then there is an epimorphism H n H mapping each t (n) i to s i .
Proof. We prove this statement by induction on n. The case n = 0 being trivial, we assume n 1. Being nilpotent, H has a non-trivial abelianization. In an abelian 2-group the set of squares is obviously a proper subgroup. It follows that Γ 1 (H) is a proper subgroup of H and therefore has order 2 j , with j < n. By induction hypothesis, we have Γ j+1 (H) = Γ j (Γ 1 (H)) = {e}, and in particular Γ n (H) = {e}.
Theorem 2.4. [AGŠ12]
The box space of F m associated to its standard set of generators and to the sequence Γ n (F m ) coarsely embeds into a Hilbert space.
In
|gF n F n | ε|F n |.
Proof. Let A n (r) be the subgroup of A n generated by the ball of radius r with respect to d n , that we shall denote by B d n (e, r). Observe that if g is at distance r from e, then multiplication by g preserves A n (r). Let d be the smallest integer larger than θ(r): the cardinality of the ball of radius r in A n being d, there exists a surjective homomorphism π n : Z d A n (r), mapping the standard basis {v 1 , . . . , v d } surjectively to the ball of radius r in A n . In Z d , the volume of balls satisfies C
for some constant C d 1. It follows that there is a constant K d ∈ N such that for all R, the ball of radius 2R in Z d can be covered by at most K d balls of radius R. We pick some R ∈ N larger than 2K d /ε. For every k ∈ N, denote W n (k) := π n (B Z d (e, k)). We deduce from what precedes that W n (2R) can be covered by at most K d translates of W n (R). On the other hand, for every g ∈ B d n (e, r), and every k 1,
Moreover, we have
By the pigeonhole argument, we deduce that there exists R k 2R, such that for all g ∈ B d n (e, r),
It follows that F n := W n (k) satisfies |gF n F n | ε|F n |. On the other hand, the diameter of F n , with respect to d n , is less than D := 2Rr, so we are done.
A coarse embedding of a sequence (X n , d n ) n∈N is often called a uniform coarse embedding in contrast to a coarse embedding φ : X → E of an individual space (X, d), viewed as a trivial sequence consisting of a single space. An equivariant coarse embedding of a sequence then leads to a uniform variant of the Haagerup property.
A sequence of groups (G n , d n ) n∈N equipped with left-invariant distances satisfies the Haagerup Property uniformly, if the G n 's admit affine isometric actions (H, π n , b n ) such that (b n ) n∈N is a uniform sequence of coarse embeddings, that is, with proper functions ρ and γ independent of n. Corollary 2.6. With the notation of Lemma 2.5, the sequence of metric spaces (A n , d n ) satisfies the Haagerup property uniformly. In particular, such a sequence (uniformly) coarsely embeds into a Hilbert space.
Proof. Thanks to Lemma 2.5, this simply follows from the standard proof that an amenable group satisfies the Haagerup property [AW81, BCV95].
Proof of Proposition 2
In this section we adopt the notation of Proposition 2. Let φ n : (N n , d S n ) → H and ψ n : (Q n , T n ) → H be two coarse embeddings, i.e. such that there exist two proper functions ρ, γ : [0, ∞) → [0, ∞) such that for all n ∈ N and all x, y ∈ N n ,
and similarly, for all x, y ∈ Q n ,
Using the argument of [CTV07, Section 3.4], one can assume in addition that γ(t) = t/K . Let us briefly recall the argument: by [CTV07, Lemma 3.11], for every proper function u : [1, ∞) → [1/K 2 , ∞), there exists a proper Bernstein function F such that F u. Pick one such F such that F(γ 2 (t)) (t/K) 2 for all t 1. By Schoenberg's theorem [Sch38] , (x, y) → F( φ n (x) − φ n (y) 2 ) is a conditionally negative definite kernel on N n , hence equal to φ (x) − φ (y) 2 for some map φ : N n → H . It follows by construction that φ satisfies (3.1) with γ(t) = t/K.
Note that for Q n , which is equipped with a word metric, this adjustment simply follows by rescaling the Hilbert space norm.
Let β > 0, d be such that for all n, X n is an (2, β)-expander of degree d. Now, let h n : X n → G n be K-Lipschitz maps and consider the composition f n := ψ n • π n • h n , where π n is the projection from G n to Q n . By construction, f n is a sequence of 1-Lipschitz maps from X n to H. We apply Corollary 2.2, with A := X n and deduce that there exist x n ∈ X n and a subset A n ⊆ X n of cardinality at least |X n |/2 such that f n (A n ) is mapped inside the ball of radius 2 βd around f n (x n ). By properness of ρ, (3.2) implies that π n • h n (A n ) is mapped inside the ball B(π n • h n (x n ), r), where r := ρ −1 (2 βd). As this ball has cardinality at most k r , there exists a subset A n of A n of size at least |A n |/k r |X n |/(2k r ) which is mapped by π n • h n to a single point in Q n . Therefore, h n (A n ) is mapped inside a coset of N n . Up to composing h n by a left translation in G n , we can assume that h n (A n ) is mapped into N n . We now apply Corollary 2.2 to the map f n := φ n • h n : A n → H, this yields β > 0, and sequences y n ∈ A n and A n ⊆ A n satisfying |A n | |A n |/2, such that f n (A n ) ⊆ B( f n (y n ), 2 β ). We deduce that h n (A n ) ⊆ B(y n , r ), where r := ρ −1 (2 β ). Hence, there exists a subset of A n of size at least |A n |/k r |X n |/(4k r+r ) which is mapped by h n to a single point. This ends the proof of Proposition 2.
Proof of Proposition 3
Let us start with an easy lemma. Proof. Assume on the contrary that there exists a sequence (H n , π n , b n ) n∈N of isometric actions such that s∈S b n (s) 2 1 for all s ∈ S, and a sequence y n ∈ Y such that b n (y n ) → ∞ as n → ∞. Up to passing to a subsequence, we can assume that b n (y n ) 2 2 n . Then consider the norm-preserving representation of G obtained by taking the direct sum of n (π n , H n ) and the cocycle defined by b := n b n /n. As b(s) 2 n 1/n 2 , b is well defined. On the other hand, b(y n ) 2 2 n /n 2 , hence b is not bounded on Y, a contradiction.
In this section, we adopt the notation of Proposition 3. We start with a map f : Q → H. Consider the Hilbert space H := 2 (Q, H), which is a convenient way of denoting the orthogonal direct sum of copies of H indexed by Q. Denote | · | the norm on H and · the norm on H . Let π be the (norm-preserving) action of G by right-translation and consider the affine action σ of G on H associated to the 1-cocycle
We have
Now using Lemma 4.1, we deduce that b(y) 2 C s∈S b(s) 2 for some constant C > 0 only depending on G and S. We precisely recover (1.2).
The proof of the second statement relies on the same argument, but using the following result instead of Lemma 4.1
Theorem 4.2. [Tes09, Theorem 7]
A group G generated by a finite subset S, does not have the Haagerup Property if and only if there exist a number C > 0 and a sequence of (symmetric) probability measures µ n with finite support W n satisfying d(e, W n ) → ∞, such that every affine isometric action (H, π, b) of G satisfies y∈W n b(y) 2 µ n (y) C s∈S b(s) 2 .
Proof of Proposition 4
Let 1 p ∞. Let (Ω, µ) be a measured space and denote p (Q, L p ) the vector space of functions from Q to L p (Ω, µ) equipped with the L p -norm
The operators M S and M q(H) extend naturally to operators on p (Q, L p ). Moreover, since H is normal, M S and M q(H) commute with each other.
Since the pair (G, H) has relative Property T, we can apply (1.2) for Y = H: for all functions f ∈ 2 (Q, L 2 ), this equation says that
An easy computation shows that
Therefore, we have
which implies that, while restricted to the orthogonal subspace to H-invariant vectors, the operator M S has norm < 1. Since 1 − M q(H) is the orthogonal projector onto this subspace, and since this projector commutes with M S , this implies that the operator M S (1 − M q(H) ) has norm < 1. On the other hand, observe that M S (1 − M q(H) ) has norm 2 for its actions on both ∞ (Q, L ∞ ) and 1 (Q, L 1 ). Hence we obtain by interpolation (see [BL76] ) that for n 0 large enough (depending on p), the operator norm of (
is an involution, and applying the previous inequality to h :
Then Proposition 4 follows, taking C := (2/c p ) p .
Proof of Proposition 5
Given a measure space (Ω, µ) and a Banach space X, denote by L 2 (Ω, µ, X) the (Banach) space of square summable measurable functions from Ω to X, equipped with the obvious norm. The following class of Banach spaces was pointed out by V. Lafforgue who asked for a more concrete characterization:
Definition 6.1. [Pis10, §2] A Banach space X is uniformly curved if it satisfies the following property: there is a function ε → ∆ X (ε) tending to zero with ε > 0 such that for all measured space (Ω, µ), every operator T :
Observe that the proof of Proposition 4 immediately extends (for p = 2) to Proposition 5. For this reason, we shall not repeat the argument. More precisely, Definition 6 replaces the interpolation argument that was used there, and provides in a sense the minimal requirement for this proof to work.
Let us finally mention a remarkable fact proved by Pisier, showing that uniformly curved spaces are intimately related to complex interpolation: the subclass of uniformly curved spaces whose associated ∆ X can be taken of the form ∆ X (ε) = ε δ with δ > 0 coincides with the a priori much smaller class of subquotients of θ-Hilbert spaces (these are Banach spaces obtained by complex interpolation between a family of Banach spaces and a Hilbert space). He also provides a (more technical) characterization of uniformly curved Banach spaces [Pis10, Theorem 9.2].
Main result: proof of Theorem 1, and other constructions
Let us start with a convenient notation. Let V be a group, let H be a group of automorphisms of V, and let K be a group surjecting to H. Denote by V H K the semi-direct product, where K acts on V via its quotient H.
Let Q be the kernel of the morphism SL(2, Z) SL(2, Z/2Z). This group is generated by 3 elements 3 . Let π : F 3 Q be the morphism mapping the standard generating subset U := {u 1 , u 2 , u 3 } of F 3 to some generating subset of Q.
We shall construct a box space for the following group
, where Q acts in the standard way on Z 2 . A generating subset S of cardinality 5 for G is the union of U with standard basis of Z 2 . Now, for all n 1, the image Q n of Q in SL(2, Z/2 n Z) has order 2 3n−3 . Let U n := {u
} be the generating subset of Q n obtained by projecting U. Consider the projection H 3n−3 Q n of Lemma 2.3 (with m = 3) mapping T 3n−3 to U n , and let
Let K n be the kernel of the surjective morphism p n : G G n . Observe that, setting G 0 := {e} and K 0 := G, we have ∩ ∞ n=0 K n = {e}. Therefore, ∞ n=0 (G n , S n ), where S n is the projection of S, is a box space of G associated to S and to a nested sequence of finite index normal subgroups G = K 0 K 1 · · · with trivial intersection.
Our main result, Theorem 1, follows from the following more precise result. Let 1 p < ∞.
Theorem 7.1. The sequence of Cayley graphs (G n , S n ) n∈N satisfies the two following properties
• There exists C > 0 such that, for all n ∈ N, every function f from G n to an L p -space satisfies: for every h ∈ (Z/2 n Z) 2 ,
If X is a uniformly curved Banach space, then this inequality holds for functions with values in X, and for some 1 p < ∞. In particular, the sequence (G n , S n ) n∈N does not uniformly coarsely embed into any uniformly curved Banach space.
• On the other hand, if (X n ) n∈N is a sequence of expander graphs and if h n : X n → (G n , S n ) is a sequence of 1-Lipschitz maps, there exist a constant c > 0 and a sequence y n ∈ (G n , S n ) such that the cardinality of h −1 n ({y n }) is at least c|X n | and its diameter is c diam(X n ).
Proof. First, note that the pair (G, Z
2 ) has relative Property T: indeed, this follows from the proof of [Bur91, Proposition 1]. Therefore, the first statement follows from Propositions 3 and 5.
For every r ∈ N, the ball of radius r in (G n , S n ) has cardinality |S| r . Hence by Lemma 2.5 and Corollary 2.6, the sequence of subgroups (Z/2 n Z) 2 of G n , equipped with the induced distance d S n , uniformly coarsely embeds into a Hilbert space H. On the other hand, Theorem 2.4 provides such a coarse embedding into H for the sequence (H 3n−3 , T 3n−3 ) n∈N . The second statement of the theorem therefore results from Proposition 2.
In our construction, we use the fact that Q n is a 2-group in order to apply Lemma 2.3. One can also take Q n to be an l-group for any fixed integer l > 2 and coarsely embeddable box spaces from [Khu] which generalize that of [AGŠ12] . An analogue of Lemma 2.3 holds in this case as well, and is proved in the same way.
7.1. A construction based on generalized wreath products. Using a result of [CI11] , we produce examples with expansion relative to an unbounded sequence of subsets, but not relative to any (unbounded) sequence of subgroups. Our construction is based on generalized wreath products.
Given two countable discrete groups A, G, and a countable set Z equipped with a G-action, the generalized wreath product A Z G is the semi-direct product Z A G. In [CI11] , it is proved that if Q is a quotient of G with Property T, then for every Q-orbit W in Z A, the pair (A Z G, W) has relative Property T. More generally, if Q does not have Haagerup property, then neither does A Q G.
Let us construct more examples of relative expanders which admit no any weakly embedded expanders.
We consider Q := ker(SL(3, Z) SL(3, Z/2Z)), equipped with a finite generating subset U. Our new example will be a box space of the group G := Z Q F U . For the moment, let us keep an arbitrary finitely generated group A as the "lamp group".
Let V be a generating subset of A. A generating subset of G is then given by S := {v e , v ∈ V} U, where the notation v g for g ∈ Q means the element of Q A which equals v at g and 0 everywhere else.
We consider the sequence of Cayley graphs (G n , S n ) := (A n Q n H 8n−8 , S n ), where
• Q n is the image of Q in SL(3, Z/2 n Z), observe that Q n is a 2-group of order 2 8n−8 ; • H 8n−8 is given by Lemma 2.3; • A n is a finite quotient of A, and V n is the corresponding projection of V; • S n := {v e , v ∈ V n } U n , where U n is the projection of U under the epimorphism F U H 8n−8 .
Observe that (G n , S n ) is a box space of (G, S), provided (A n , V n ) is a box space of (A, V). For every n, consider the subset
The sequence Y n is clearly unbounded, it is not even of bounded size.
Let us start with an easy but useful lemma.
Lemma 7.2. Let H = N R be a semi-direct product of groups, and let T be a subset of N, invariant under conjugation by R. Then, the action of N on its Cayley graph (N, T) extends to an action of H (by graph isomorphisms).
Proof. Denote the action of R on N by r · n, where r ∈ R and n ∈ N. Therefore the product in the semi-direct product reads (n 1 , r 1 )(n 2 , r 2 ) = (n 1 (r 1 · n 2 ), r 1 r 2 ). Define the action of H on N by (n, r) • n 0 := n(r · n 0 ). To see that this is a well-defined action, let us compute ((n 1 , r 1 )(n 2 , r 2 )) • n 0 = n 1 (r 1 · n 2 )((r 1 r 2 ) · n 0 )
= n 1 (r 1 · n 2 )(r 1 · (r 2 · n 0 ))
Moreover, for all n 0 , n, t ∈ N and r ∈ R, we have (n, r) • (n 0 t) = n(r · n 0 )(r · t).
Therefore, since T is invariant under conjugation by R, this action also preserves the graph structure.
We now provide examples of box spaces that do not coarsely embed into a Hilbert space but yet are not expanders relative to any unbounded sequence of subgroups. Note that we do not know whether the following sequence of graphs coarsely embeds into an L p -space for large p.
Theorem 7.3. The sequence of Cayley graphs (G n , S n ) n∈N satisfies the following properties.
• There exists C > 0 such that, for all n ∈ N, every function f from G n to a Hilbert space satisfies: for all y ∈ Y n ,
In particular, the sequence (G n , S n ) n∈N does not uniformly coarsely embed into a Hilbert space.
• (G n , S n ) n∈N does not weakly contain any expander.
• Here we specify A := Z with its standard generator, and A n := Z/2 n Z. Then, there exists a sequence of 1-Lipschitz maps f n from G n to a Hilbert space such that for every sequence of subsets Σ n ⊆ G n satisfying
there exist i 0 ∈ N and r > 0 such that Σ n lies in the r-neighborhood of Y i 0 n .
• The previous sequence ( f n ) n∈N is such that for every unbounded sequence of subgroups (K n ) n∈N , there exists a sequence k n ∈ K n such that
as n → ∞.
Proof. Let Y := {v g , g ∈ Q, v ∈ V}. The first statement is a consequence of the fact that the pair (G, Y) has relative Property T [CI11] . The second statement is proved in the same way as the second statement of Theorem 7.1.
Let us turn to the proof of the third statement. For every n ∈ N, consider the equivariant embedding φ n : Z/2 n Z → C, where every k ∈ Z/2 n Z is sent to 2 n e 2ikπ/2 n . In other words, this corresponds to taking the orbit of 2 n ∈ C under the action of Z/2 n Z by rotations. Equip Z/2 n Z with the word length associated to {±1}, that we denote by | · | ±1 . That is, for k, l ∈ Z/2 n Z, we have |k
Taking a cartesian product of these embeddings, we obtain an embedding h n :
Z/2 n Z, we have
Moreover, since Y n is invariant under conjugation in G n , the action of Q n Z/2 n Z by translation on its Cayley graph extends to all of G n by Lemma 7.2. Actually, one easily checks that the action of G n on Q n Z/2 n Z extends to an action by isometry on C Q n . To see this, it is enough to look at elements in a generating set of G n . On the one hand, for every q ∈ Q n , the element δ q ∈ Q n Z/2 n Z, which equals 1 on q and 0 elsewhere, is clearly the restriction of an isometry of C Q n which acts by rotation on the C-factor indexed by q and trivially on the other factors. On the other hand, any element of H 8n−8 acts on the direct sum Q n Z/2 n Z by shifting the index, so it is also the restriction of an isometry of C Q n . Hence, h n extends to an embedding of all of G n . More precisely, this embedding is the orbit of the function v n : Q n → C which is constant equal to 2 n . It follows from (7.3) that it is 2π-Lipschitz in restriction to Q n Z/2 n Z. Since elements of H 8n−8 act trivially on v n , we deduce that this extension of h n is 2π-Lipschitz on all of (G n , S n ).
On the other hand, we consider the uniform coarse embedding j n of H 8n−8 from [AGŠ12] into a Hilbert space H. We obtain a Lipschitz map f n := h n ⊕ j n from G n to the orthogonal direct sum of these Hilbert spaces. Now let (Σ n ) n∈N be a sequence of subsets of G n satisfying (7.2). Uniform properness of the j n 's implies that Σ n lies at uniformly bounded Hausdorff distance -say r -from a subset Σ n ⊆ Q n Z/2 n Z. But by (7.3), Σ n must lie in a ball of radius i 0 for d Y n , where i 0 > 0 is independent of n.
Finally, it is easy to adapt the previous argument to show the last statement (or directly deduce it from the previous one).
A construction which admits a fibered coarse embedding.
Observe that all of our examples above are box spaces of groups with relative Property T. It follows that these sequences do not admit any fibered coarse embedding into a Hilbert space. We give now an alternative construction of a box space of a group with the Haagerup property, which therefore does admit a fibered coarse embedding.
Let us proceed as in the preceding construction, replacing SL(3, Z) by SL(2, Z). The resulting sequence of groups G n := A n Q n H k n is now a box space of G := Z Q F U , which has the Haagerup property by [dCSV12, Theorem 1.5], as Q, being a subgroup of SL(2, Z), has the Haagerup property. On the other hand, the sequence (Q n ) n∈N satisfies a uniform spectral gap property by a famous result of Selberg. It follows from the proof of [CI11, Theorem 3.1] that the sequence (G n ) n∈N has relative Property T with respect to Y, in restriction to unitary representations which are direct sums of representations which factor through some G n . Observe that this restricted version of relative Property T is exactly what was needed to prove the Poincaré inequality (7.1) in Theorem 7.3. Therefore, it follows that the sequence (G n ) n∈N does not coarsely embed into a Hilbert space.
Open problems
Our relative expanders, admitting no weakly embedded expanders, provide a new type of geometric and analytic behavior among spaces of bounded geometry. Therefore, we expect a further impact on coarse and metric geometry as well as on operator algebra. In particular, the following natural problems remain open.
• Do the examples constructed in Sections 7.1 and 7.2 satisfy the (reduced) coarse Baum-Connes conjecture?
• Construct a sequence of finite graphs with bounded degree, and unbounded girth which does not coarsely embed into a Hilbert space and yet has no weakly embeded expander (in particular: a box space of F m ).
• Construct a finitely generated group which does not coarsely embed into a Hilbert space and yet has no weakly embedded expander. This is stated as an open problem in [GK04] , see also [NY12, Section 5.7].
• Does there exist a graph with bounded degree which does not coarsely embed into a Hilbert space and yet coarsely embeds into an L p -space for p large enough? Is it possible to construct such an example using sequences of finite Cayley graphs? Note that it is not shown yet whether our second construction (based on generalized wreath products) provides a space which does not coarsely embed into any L p -space for p > 2.
• More generally, it would be interesting to know in which metric spaces (Banach spaces, CAT(0)-spaces, etc.) relative expanders can -or cannotbe coarsely embedded. In particular, the methods of [Mim] and of [MN12] might be used to extend the class of metric spaces (not only Banach spaces) in which relative expanders with respect to unbounded normal subgroups cannot coarsely embed.
• It results from (2.1), that expanders (or even large subsets of expanders) do not weakly embed into p for all 1 p < ∞. On the other hand all of our examples do weakly embed into 2 (just take a coarse embedding of Q n ). Therefore, it seems relevant to ask whether a sequence of finite graphs with uniformly bounded degree that does not weakly embed into 2 is necessarily an expander.
Appendix A. Our relative expanders do not satisfy "expander like" Poincaré inequalities
The purpose of this appendix is to strengthen the fact that our relative expanders are very far from actual expanders. More precisely, we show that our box spaces do not satisfy Poincaré inequalities which are -in a certain sense -similar to those satisfied by actual expanders.
The main technical result of this section is the following observation.
Proposition A.1. Let (G n , S n ) n∈N be a sequence of semi-direct products G n := N n Q n together with subsets S n ⊆ G n of fixed cardinality such that
• S n generates G n ;
• N n is finite for all n;
• if π n : G n Q n denotes the canonical projection, the groups (Q n ) n∈N are quotients of some exact 4 group Q such that the sequence of Cayley graphs (Q n , π n (S n )) n∈N converges in the space of marked groups to some Cayley graph of Q; • the sequence (N n ) n∈N equipped with the metric induced by d S n coarsely embeds into a Hilbert space H.
Then there exists a sequence of 1-Lipschitz maps φ n : (G n , S n ) → H whose restriction to N n is a coarse embedding of (N n ) n∈N into H.
The condition on (Q n ) n∈N is satisfied if the sequence (Q n , π n (S n )) n∈N has girth tending to infinity as n → ∞. Indeed, in this case, (Q n , π n (S n )) n∈N converges in the space of marked groups to a Cayley graph of a free group. Thus, this proposition applies to all the box spaces we have constructed in §7.
Before we prove the proposition, let us deduce our main motivation for this appendix, namely the following result (which also applies to the sequence of graphs we have constructed in §7).
Corollary A.2. Let (G n , S n ) n∈N satisfy the hypothesis of Proposition A.1 and assume, in addition, that the sequence (Q n ) n∈N coarsely embeds into a Hilbert space H. Suppose that there exists a sequence of probability measures µ n on G n , supported on a sequence of subsets A n ⊆ G n such that
• µ n is comparable to the uniform measure on A n : inf n,a∈A n |A n |µ n (a) > 0;
• G n satisfies the following Poincaré inequality: there exists C < ∞ such that for all n ∈ N and every 1-Lipschitz map f n : G n → H, (A.1) a,b∈A n f n (a) − f n (b) 2 µ n (a)µ n (b) C.
Then A n is bounded: there exists R > 0 such that for all n, A n is contained in a ball of radius R of G n with respect to d S n .
Proof of Corollary A.2. The arguments are very similar to those employed in the proof of Proposition 2, therefore we only sketch them. First assume that the cardinality of A n is bounded uniformly over n ∈ N, then we see that A n must be bounded by applying (A.1) to the 1-Lipschitz function on G n defined by g → f n,a (g) = d S n (a, g) for some a in A n . We assume now that the cardinality of A n is unbounded. Pick a 1-Lipschitz coarse embedding ψ n of Q n into H. Applying the Poincaré inequality to ψ n • π n yields as in the proof of Proposition 2 that there exists c > 0 such that at least c|A n | points of A n are sent to a single point in Q n . In other words, a positive proportion of A n belongs to a single coset of N n , say N n itself. But then applying (A.1) to the sequence (φ n ) n∈N of Proposition A.1 yields the required contradiction. 4 that is, C * red (Q) is an exact C * -algebra or Q has Guoliang Yu's Property A [NY12] .
Proof of Proposition A.1. Since Q is exact, it follows from the proof of [DG03, Theorem 4.1] that the sequence of semi-direct products N n Q admits a coarse embedding ψ n : N n Q → H. Now since (Q n ) n∈N converges to Q there exists a sequence r n → ∞ as n → ∞, such that balls of radius r n in Q n are isometric to the ball of radius r n of Q. It follows that the subsets [N n ] r n := {x ∈ G n , d(x, N n ) r n } of G n are isometric to the corresponding subsets of N n Q. In particular, ψ n can be seen as a coarse embedding of [N n ] r n into H. First, up to "slowing down" ψ n as explained at the beginning of the proof of Proposition 2, one can assume that ψ n is 1-Lipschitz and satisfies that ψ n (N n ) is contained in the ball of radius r n centered at the origin of H. Now we define φ n : G n → H by φ n (g) := ψ n (g) 1 − d S n (g, N n ) r n if g ∈ [N n ] r n , and 0 otherwise. One easily checks that in restriction to [N n ] r n , φ n is 2-Lipschitz: this is because ψ n is 1-Lipschitz and satisfies ψ n (g) r n , while 1 − d S n (g, N n )/r n is 1/r n -Lipschitz and has absolute value at most 1. Moreover, for g at distance r n from N n , φ n (g) = 0. Therefore, we deduce from the triangle inequality, using that the distance in G n is geodesic, that 1 2 φ n is 1-Lipschitz everywhere.
